Abstract. We give a description of finite-dimensional real neutral strongly facially symmetric spaces with the property JP. We also prove that if Z is a real neutral strongly facially symmetric with an unitary tripotents, then the space Z is isometrically isomorphic to the space L 1 (Ω, Σ, µ), where (Ω, Σ, µ) is a measure space having the direct sum property.
Introduction
A geometric characterization of state spaces of operator algebras is important problem of the theory of operator algebras In the middle of 1980s, Friedman and Russo wrote the paper [1, 2] related to this problem, in which they introduced facially symmetric spaces, largely for the purpose of obtaining a geometric characterization of the predual spaces of JBW*-triples admitting an algebraic structure. Many of the properties required in these characterizations are natural assumptions for state spaces of physical systems. Such spaces are regarded as a geometric model for states of quantum mechanics. In [3] was proved that the preduals of complex von Neumann algebras and, more generally, complex JBW*-triples are neutral strongly facially symmetric spaces.
The project of classifying facially symmetric spaces was initiated in [4] , where a geometric characterization of complex Hilbert spaces and complex spin factors was given. Moreover, there were described the JBW*-triples of ranks 1 and 2 and Cartan factors of types 1 and 4. Afterwards, Friedman and Russo obtained a description of atomic facially symmetric spaces [5] . Namely, they showed that a neutral strongly facially symmetric space is linearly isometric to the predual of one of the Cartan factors of types 1-6 provided that it satisfies four natural physical axioms, which hold for the predual spaces of JBW*-triples.
In paper [10] , Neal and Russo found geometric conditions under which a facially symmetric space is isometric to the predual of a JBW*-triple. In particular, they proved that any neutral strongly facially symmetric space decomposes into a direct sum of atomic and nonatomic strongly facially symmetric spaces. In [6] , a complete description of strongly facially symmetric spaces that are isometrically isomorphic to a predual space atom commutative von Neumann algebra.
In [12, Theorem 3.2] was established that if Z is a real neutral strongly facially symmetric space with unitary tripotent such that any maximal tripotent is unitary, then Z is isometrically isomorphic to L 1 -space. In the present paper shows that the condition "every maximal tryptotent is unitary "in the above theorem is superfluous. We also we give a description of finite-dimensional real neutral SFS-spaces with the property JP.
Facially symmetric spaces.
In this section we shall recall some basic facts and notation about facially symmetric spaces (see for details [1, 2] ).
Let Z be a real or complex normed space. Elements f, g ∈ Z are orthogonal, notation f ⋄ g, if f + g = f − g = f + g . Subset S, T ⊂ Z are said to be orthogonal, notation S ⋄ T, if f ⋄ g for all (f, g) ∈ S × T. A norm exposed face of the unit ball Z 1 = {f ∈ Z : f ≤ 1} of Z is a non-empty set (necessarilly = Z 1 ) of the form F u = {f ∈ Z 1 : u(f ) = 1}, where u ∈ Z * , u = 1. Recall that a face F of a convex set K is a non-empty convex subset of K such that if f ∈ F and g, h ∈ K satisfy f = λg+(1−λ)h for some λ ∈ (0, 1), then g, h ∈ F. In particular, an extreme point of K is face of K. An element u ∈ Z * is called a projective unit if u = 1 and u, F ⋄ u = 0. Here, for any subset S, S ⋄ denotes the set of all elements orthogonal to each elements of S. A norm exposed face F u in Z 1 is said to be a symmetric face if there is a linear isometric symmetry S u of Z onto Z, with S 2
A real or complex normed space Z is said weakly facially symmetric (WFS) if every norm exposed face in Z 1 is symmetric.
For each symmetric face F u we defined contractive projections P k (F u ), k = 0, 1, 2 on Z as follows. First, P 1 (F u ) = (I − S u )/2 is the projection on the −1 eigenspace of S u . Next we define P 2 (F u ) and P 0 (F u ) as the projections of Z onto spF u and F ⋄ u , respectively. A geometric tripotent is a projective unit u ∈ Z * with the property that F u is a symmetric face and S * u u = u for a symmetry S u corresponding to F u . The projections P k (F u ) are called geometric Peirce projections.
By GU and SF denote the collections of geometric tripotents and symmetric faces respectively, and the map GU ∋ u → F u ∈ SF is a bijection [2, Proposition 1.6]. For each geometric tripotent u in the dual of a WFS space Z, we shall denote the geometric Peirce projections by
Tripotents u and v are said to be orthogonal if u ∈ U 0 (v) (which implies v ∈ U 0 (u)) or, equivalently, u ± v ∈ GT (see [1, Lemma 2.5] ). More generally, elements a and b of U are said to be orthogonal if one of them belongs to U 2 (u) and the other belongs to U 0 (u) for some geometric tripotent u. A contractive projection Q on Z is said to be neutral if Qf = f implies Qf = f for each f ∈ Z. A normed space Z is said to be neutral if, for every symmetric face F u , the projection P 2 (u) is neutral.
A WFS space Z is strongly facially symmetric (SFS) if for every norm exposed face F u in Z 1 and every y ∈ Z * with y = 1 and F u ⊂ F y , we have S * u y = y, where S u denotes a symmetry associated with F u .
The principal examples of neutral complex strongly facially symmetric spaces are preduals of complex JBW*-triples, in particular, the preduals of complex von Neumann algebras (see [3] ). In a neutral strongly facially symmetric space Z, every non-zero element has a polar decomposition [2, 
* v = u, or v − u is either zero or a geometric tripotent orthogonal to u. As is known [2, Proposition 4.5], the set L e = {v ∈ GT : v ≤ e} ∪ {0} is a complete orthomodular lattice with orthocomplement u ⊥ = e − u, with respect to the order " ≤ ". The convex hull of the points x 1 , x 2 , ..., x n+1 in general position is called an n-dimensional simplex. In a finite-dimensional neutral SFS-space Z, every norm exposed face is a simplex (see [9, Proposition 1] ).
Description of finite-dimensional real strongly facially symmetric spaces
One of the important concepts in SFS-spaces is the notion of rank of space, which was introduced in [5] . In [7] was given a description of a unit ball of an n-dimensional real SFS-space of rank n. In [11] was obtained a description of the unit ball of a reflexive SFS-space of rank 1. In addition, in the [9] was given a description of a unit ball of an n-dimensional real neutral SFS-space of rank n − 1. The problem of characterizing SFSspaces with respect to rank remains is still open. In this section we give a description of finite-dimensional real neutral SFS-spaces with the property JP.
A facially symmetric space Z is of rank n(n = 1, 2, ...), notation rankZ = n, if every orthogonal family of geometric tripotents has cardinality at most n, and if there is at least one orthogonal family of geometric tripotents containing exactly n elements (see [5] ).
A WFS space Z satisfies JP (joint Peirce decomposition) if for any pair u, v of orthogonal geometric tripotents, we have S u S v = S u+v where for any geometric tripotent w, S w is the symmetry associated with the symmetric face F w (see [5] ).
The space R n with the norm
where 1 = n 1 < n 2 < . . . < n k+1 = n, is a SFS-space of rank k and satisfies JP.
The following theorem gives a description of finite-dimensional real neutral SFS-spaces with the property JP.
Theorem 3.1. Let Z be a finite-dimensional real neutral strongly facially symmetric space with property JP. Then
where H i is a Hilbert space, i ∈ 1, k and k = rankZ.
Recall that a face F of a convex set K is called a split face if there exists a face G, called complementary to F, such that F ∩ G = ∅ and K is the direct convex sum F ⊕ c G, i.e. any element f ∈ K can be uniquely represented in the form f = tg + (1 − t)h, where
In this section we assume that Z is a finite-dimensional real neutral SFS-space with the property JP.
For the proof we need several lemmas.
Lemma 3.2. If u and v are orthogonal geometric tripotents, then 
(ii) Since Z is a finite-dimensional SFS-space, then from (i) follows (ii).
(iii) Let u ⋄ v, u, v ∈ GT . Since Z has the property of JP, then by [5, Remark 4.2] it follows that
On the other hand, from (ii) we have
This means that P 1 (u)P 1 (v) = 0. The proof is complete. Lemma 3.3. For every u ∈ GT , we have
Proof. Let f ∈ Z 1 (u) and g ∈ Z 0 (u), then by [4, Corollary 2.2] it follows that v f ∈ U 1 (u) and v g ∈ U 0 (u). Then by [2, Corollary 3.4] it follows that P 2 (v g ) * P 1 (u) * = 0, and by lemma 1 we have P 1 (v g ) * P 1 (u) * = 0. Using these relations, we obtain
Hence v f ∈ U 0 (v g ), and therefore, by the orthogonality of geometric tripotents, we have
The proof is complete.
A geometric tripotent u is called maximal if v ∈ GT from u ≤ v implies v = u or is equivalent to P 0 (u) = 0.
Proof. (i) If u and v are mutually orthogonal geometric tripotents, it follows from [2, lemma 1.8] that P 0 (u)P 0 (v) = P 0 (u + v). Therefore, from the maximality u + v we have
. Since P 1 (u)P 1 (v) = 0 and P 0 (u)P 0 (v) = 0, then by [2, Corollary 3.4 (a)] we have that
, then the Pierce expansion can be rewritten as Z = Z 0 (u) ⊕ Z 0 (v). The proof is complete.
Lemma 3.5. Let Z be a neutral strongly facially symmetric space with the property JP. Then for every u ∈ GT , the subspace Z 0 (u) has the property JP.
Proof. Let u ∈ GT , then by [2, Proposition 4.1] the subspace Z 0 (u) is a neutral SFSspace. We denote by GT Z 0 (u) and SF Z 0 (u) the set of all geometric tripotents of U 0 (u) and symmetric faces in Z 0 (u).
Let u 1 , u 2 ∈ GT Z 0 (u) and u 1 ⋄ u 2 . By the Hahn-Banach theorem, we extend the functionals u 1 , u 2 to Z, which we denote by x 1 , x 2 , preserving the norm, respectively. Then 
Further [2, Theorem 3.6 and Proposition 4.1], imply that
where k = 0, 1, 2, i = 1, 2.
Now we show that v 1 ⋄v 2 and
, then by virtue of [2, Theorem 3.6 and Corollary 3.4(a)] we have P 2 (u 2 )P 2 (u 1 ) = P 2 (u 1 )P 2 (u 2 ) = 0 and P 0 (u)P 2 (v i ) = P 2 (v i )P 0 (u) = P 2 (v i ), where i = 1, 2. Therefore, by (2) and (3), for any f ∈ Z we have
Then by (2) the geometric tripotent v 1 + v 2 is an extension of u 1 + u 2 and F v 1 +v 2 = F u 1 +u 2 . Thus, by virtue of [2, Theorem 3.6 and Proposition 4.1], we have
Since Z has the property of JP, it follows from (3) and (4) that we have
Hence, Z 0 (u) has the property JP. The proof is complete.
Proof of Theorem 3.1. In the case when dimZ = 2 and dimZ = 3, the statement of theorem follows from [9, Proposition 1 and Theorem 2].
Suppose that the theorem is true when dimZ < n. Let dimZ = n and rankZ = k. Then by the definition of the rank of the space there exists a maximal family of mutually orthogonal geometric tripotents u 1 , u 2 , ..., u k , and by [1, lemma 2.5] follows that u 1 + u 2 + ... + u k is a maximal geometric tripotent. Then by lemma 3 it follows that
By [2, Proposition 4.1] and Lemma 4 the subspaces Z 0 (u) and Z 0 (v) are neutral SFSspaces satisfying JP with dimensions less that n. By the assumption of induction these are direct sums of Hilbert spaces. By (5) it follows that Z is also a direct sum of Hilbert spaces. The proof is complete.
Thus, unlike the case when rankZ = 1, n − 1, n (in each of these of cases, up to isometrically isomorphism, there is one space), in the case 1 < rankZ < n − 1 the number of non-isomorphic spaces is at least [ ], where k = rankZ, [t] is the integer part of the number t. The number of non-isomorphic spaces can be calculated from the recurrence relation
Description of facially symmetric spaces with unitary tripotents
A geometric tripotent e ∈ GT is said to be unitary if the convex hull of the set F e ∪ F −e coincides with the unit ball Z 1 , i.e.
Also note that property (6) is much stronger than the Jordan decomposition property of a norm exposed face (see [10, Lemmata 2.3] ). Recall that a norm exposed face F u has the Jordan decomposition property if its real span coincides with the geometric Peirce 2-space of the geometric tripotent u.
* is a maximal geometric tripotent then e = (ε 1 , ..., ε n ), ε i ∈ {−1, 1}, i = 1, n, and in this case the norm exposed face
More generally, consider a measure space (Ω, Σ, µ) with measure µ having the direct sum property, i.e. there is a family {Ω} i∈J ⊂ Σ, 0 < µ(Ω i ) < ∞, i ∈ J, such that for any A ∈ Σ with µ(Ω i ) < ∞, there exist a countable subset J 0 ⊂ J and a set B of zero measure such that
Let L 1 (Ω, Σ, µ) be the space of all real integrable functions on (Ω, Σ, µ). The space
* , is a maximal geometric tripotent then e = χ A − χ Ω\A for some A ∈ Σ, where χ A is the class containing the indicator function of the set A ∈ Σ. Then the norm exposed face
In [12] , Theorem 3.2 it was established that if Z is a real neutral strongly facially symmetric space with unitary tripotent such that any maximal tripotent is unitary, then Z is isometrically isomorphic to L 1 -space.
The following result shows that the condition "every maximal triptotent is unitary" in the above theorem is superfluous. Proof. Let e be a unitary geometric tripotent and u is maximal geometric tripotent. Then by [12, Lemma 3.4] , there exist mutually orthogonal geometric tripotents u 1 , u 2 ≤ e such that u = u 1 − u 2 . Since u is a maximal tripotent, then by [12, Lemma 3.5] we get that u 1 + u 2 is a maximal geometric tripotent.
On the other side, if u 1 , u 2 ≤ e are mutually orthogonal geometric tripotents, then by [1, Lemma 2.1] we obtain that
Since, L e = {v ∈ GU : v ≤ e} ∪ {0} is a complete orthomodular lattice (see [2, Proposition 4.5]), then u 1 + u 2 ≤ e. Therefore, by the maximality of u 1 + u 2 it follows that e = u 1 + u 2 . Then F u 1 = F u ∩ F e and F −u 2 = F u ∩ F −e . Now, we show that
For this it suffices to show that F u ⊆ F u 1 ⊕ c F −u 2 .
Let f ∈ F u . Then, from equality (6) we obtain f = tg + (1 − t)h where g ∈ F e , h ∈ F −e , 0 ≤ t ≤ 1. If t = 1, then f = g, and therefore f ∈ F u ∩ F e = F u 1 . If t = 0, then f = h, and therefore f ∈ F u ∩ F −e = F −u 2 . Now let 0 < t < 1. Since F u is a face, then g, h ∈ F u . Therefore g ∈ F u ∩ F e = F u 1 , h ∈ F u ∩ F −e = F −u 2 . Thus, from F u 1 ⋄ F −u 2 we obtain f ∈ F u 1 ⊕ c F −u 2 . Therefore,
Let f ∈ F u 1 +u 2 . Then P 2 (u 1 − u 2 )f ≤ f and, in view of [2, Lemma 4.2] we obtain P 2 (u 1 − u 2 )f, u 1 + u 2 = f, P 2 (u 1 − u 2 ) * (u 1 + u 2 ) = = f, P 2 (u 1 − u 2 ) * u 1 + f, P 2 (u 1 − u 2 ) * u 2 = f, u 1 + u 2 = 1 Therefore, P 2 (u 1 − u 2 )f = f and from the neutrality of P 2 (u 1 − u 2 )f = f. Thus, from the equalities (6) and (7) we obtain Z = spF e = spF u = sp(F u 1 ⊕ c F −u 2 ) = spF u 1 ⊕ spF −u 2 = spF u 1 ⊕ spF u 2 Therefore, using equalities (6) and (7) we obtain that co(F u ∪ F −u ) = co((F u 1 ⊕ c F −u 2 ) ∪ (F −u 1 ⊕ c F u 2 )) = = co((F u 1 ⊕ c F u 2 ) ∪ (F −u 1 ⊕ c F −u 2 )) = co(F e ∪ F −e ) = Z 1 .
This means that u is unitary. The proof is complete. Now we can formulate [12, Theorem 3.1] as follows.
Theorem 4.2. Let Z be a real neutral strongly facially symmetric space with unitary geometric tripotents. Then there exists a measure space (Ω, Σ, µ) with measure µ having the direct sum property such that the space Z is isometrically isomorphic to the space L 1 (Ω, Σ, µ).
